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Abstract 
We describe the construction of a minimum broadcast graph with 63 vertices. The graph has 
162 edges. 
1. Introduction 
Let G = (V, E) be a graph with n vertices and v E V be any vertex. Broadcasting is the 
process of disseminating an item of information generated at v to every other vertex of 
G where in every step or round, each vertex already knowing that item passes it to one 
of its neighbors. It is easy to see that it takes at least r log, n 1 rounds until every 
vertex of the graph knows v’s information. We call G broadcast graph if for every 
vertex v E V, broadcasting can be completed in r log, n 1 rounds. For all n, broadcast 
graphs exist, take the complete graph K, as an example. Therefore, we may ask for the 
minimum number, B(n), of edges a broadcast graph on n vertices must have. A broad- 
cast graph G = (V,E) with 1 VI = n and IEl = B(n) is called minimum broadcast 
graph or mbg. 
A survey of the history of these problems and a list of references can be found in [4]. 
The values for B(n) and constructions of mbg’s are known for some small values of 
n ([S, I]), and for the trivial case when n = 2p. As mentioned in [7], the old result in 
[6] gives an infinite family of mbg’s for n = 2p - 2. However, in [3] this is presented 
again in the language of Cayley graphs. 
In the present paper we consider n = 63. So far, the smallest known broadcast 
graph on 63 vertices showed B(63) < 176. We prove B(63) = 162 by constructing an 
mbg. This new mbg can be used to improve the bounds for B(n) for special larger 
values of n by applying the construction techniques developed in [2, 11. Moreover, we 
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hope that later our construction can be successfully generalized to some integers of the 
formn=2*-1. 
The result presented here was found independently by Hermanns [S] in 1992. 
2. A structure property 
Let n = 2* - 1 for some integer p. Moreover, let G = (V, E) be any broadcast graph 
on n vertices and let UE V be any vertex. By definition, U’S information can be 
transmitted to every other vertex within p rounds. As many other authors noticed 
before, this implies that deg u 3 p - 1, and if deg u = p - 1 then we must find a neigh- 
bor of v with degree at least p (see e.g. Cl]). 
Assume now that G contains exactly m vertices of degree at least p which are 
collected in V’ c V, and n - m vertices of degree p - 1. Then CL.E ,.+ deg u > mp, and by 
the above statement, C,.E V’ deg u > n - m. Standard calculations show that 
Since 2.IE( = CPEC. degc = (n - m)(p - 1) + CIEV. deg L’, we have proved the follow- 
ing general bound: 
Lemma 2.1. For any positive integer p, 
B(2P - 1) 3 pf;;;;)H. 
From the above estimates it is clear that one might hope to find broadcast graphs 
for which this lower bound is attained if p + 1 divides n = 2p - 1, i.e. if p + 1 is prime. 
Then we must have m = n/(p + 1) vertices of degree exactly p. All the other vertices 
have degree p - 1 but each of them is adjacent to a vertex of degree p. Indeed, for 
p = 2, n = 3 and for p = 4, n = 15 such broadcast graphs are given in [8]. According- 
ly, B(3) = 2 and B(15) = 24 was known. In the following we solve the case p = 6, 
n = 63. 
3. Construction 
_- 
We introduce two types of vertices, X:= (0, 1, ,.., 53) and X:= {O, 1, . . . . 8). Now 
edges are defined on X and between X and X separately. Let E(X) := { {x, x + l}, 
{x, x + 4}: x EX}, i.e. on X a cycle of length 54 with two chords from each vertex is 
induced. Moreover, let E’:= { (x, j}: x E X, x G y mod 9}, i.e. all vertices of X belong- 
ing to the same residual class mod 9 are connected to one vertex of X. It is easily 
checked that the graph G = (X u X, E(X) u E’) has all the structural properties 
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formulated in Section 1. In the concluding section we show that the graph is 
a broadcast graph. That finally proves B(63) = 162. 
The given construction can similarly be applied to the case p = 4, too. Then 
we have n = 15, m = 3. Therefore, choose X:= (0, 1, . . . . ll} and X:= (0, 1, 2}, 
E(X):= {{x,x + 1): XCX}, and E’:= ({x, y}: x E X, x 3 y mod 3). This graph was 
known to be mbg (see [S]). The major difference between both constructions is that 
additional chords are inserted into the cycle (X, E(X)), and this is to be continued for 
generalizing the construction to p > 6. Note that in [S], different constructions are 
used. 
4. Broadcasting procedure 
Because of the symmetries of our graph, it suffices to show how information 
generated in the vertices 0 E X or 0 E X can be broadcasted to every other vertex within 
6 rounds. Note that it can be proved in general that in a broadcast graph on 
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II = 2” - 1 vertices, a vertex of degree p - 1 must send its item to a vertex of degree at 
least p during the first round. Therefore, in our scheme, 0 and 0 exchange information 
in the first round. Now, it is easy to see that this procedure works for both these 
vertices. In the second round, 0 informs 1 and 0 informs 36. Fig. 1 shows how 
information flows from 0, 1, 0, and 36 during rounds 3, 4, 5, and 6. It is easy to check 
that each vertex appears in one of the four trees, and that every used edge indeed 
belongs to either E(X) or E’. 
Unfortunately, so far no systematic description of this broadcasting procedure was 
found. This is the main reason why a generalization to larger values of n still is an open 
problem. 
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